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GENERALIZATION OF DIFFERENT TYPE INTEGRAL 

INEQUALITIES FOR s CONVEX FUNCTIONS VIA 

FRACTIONAL INTEGRALS 
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Abstract. In this paper, a general integral identity for twice diffcrentiablc 
functions is derived. By using of this identity, the author establish some 
new estimates on Hermite-Hadamard type and Simpson type inequalities for 
s— convex via Riemann Liouville fractional integral. 



u 

■*— > 



> 

On 
OO 

m 

O 



% 



1. Introduction 

Following inequalities are well known in the literature as Hermite-Hadamard 
inequality and Simpson inequality respectively: 

Theorem 1. Let /i/CK-s-ltea convex function defined on the interval I of 
real numbers and a,b £ I with a < b. The following double inequality holds 

b 



(1.1) 



/|i±^< ' 



b — a 



f{x)dx < 



/(«) + f(P) 



Theorem 2. Let f : [a, b] — > R be a four times continuously differentiable mapping 
on (a, b) and \\f \\ = sup lp 4 )(x) < oo. Then the following inequality holds: 

xfE(a.fc) 



(b-af 



In [4], Hudzik and Maligranda considered among others the class of functions 
which are s— convex in the second sense. 
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[/<«) + /<» +2/( 
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b a f^ dx 
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/( 4) 



said to be 



s— convex in me secon 



the 



Definition 1. A function f : [0,oo) — > I 

sense if 

f(ax + f3y)<a s f(x)+f3 s f(y) 

for all x, y £ [0, oo), a, (3 > with a + (3 = 1 and for some fixed s £ (0, 1] . This 
class of s— convex functions in the second sense is usually denoted by Kg. 

It can be easily seen that for s = 1, s— convexity reduces to ordinary convexity 
of functions defined on [0, oo). 

We give some necessary definitions and mathematical preliminaries of fractional 
calculus theory which are used throughout this paper. 
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Definition 2. Let f £ L [a, b]. The Riemann-Liouville integrals J"+f and JFLf of 
oder a > with a > are defined by 



j? + m 



T(a) 



(x-t)^ 1 f(t)dt, x> a 



and 



J?-f(.x) = 



I» 



(t - xf 1 f(t)dt, x<b 



andJ° a+ f(x) = J°_f(x) = f(x). 

In the case of a = 1, the fractional integral reduces to the classical integral. 
Properties concerning this operator can be found [3l 19] . 
In [11], Sarikaya et.al established the following theorem: 

Theorem 3. Let /: Jet- > R be a twice differ •entiable mapping on L° such that 
f" G L[a,b], where a,b £ I with a < b. If \f"\ q is convex mapping on [a, 6] for 
q > 1, then the following inequality holds: 

b 



/(a) + 4/ 



a + 6 



/(&) 



1 



(b -a) 



f(x)dx 



< 



(b-a) 2 j /59|/"(a)|« + 133|/"(6)| 



(1.2) 



162 1 V 192 

/59|/»| 9 + 133|/"(a)| 9 y 






192 



In jT2], Bo-Yan Xi and Feng Qi establish some new integral inequalities of 
Hermite-Hadamard type for h-convex functions as follow: 

Theorem 4. Let J,Jcl be intervals, (0, 1) C J, and h : J — > [0, oo) . £e£ / : 
/ C R — > M. be a twice differ entiable mapping on 1° such that f" € L[a, b] for 
a.b E I with a < b. If < A < 1 and \f"\ q is an h— convex mapping on [a, b] for 
q > 1, then 

'a + b\ , , ff(a) + f(b)\ 1 



< 



(1-A)/ -S- + A 



^W)] 1 - 



/" 



2 
a + fe 



(6 -a) 



f{x)dx 



t |2A - f| /i(*)cft + |/" (a) | 9 t\2X- t\ h(l - t)dt 



t |2A - t| /i(t)dt + |/" (fo)| 9 C t\2\-t\ h(l - t)dt 
o o 
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whe 



Hi(X) 



8A - 3A+1 , 0<A<± 

3A-1 1 



< A < 1 



Let us consider the following special functions: 
(1) The Beta function: 



P{x,y) 



rwr(y) 

T(x + y) 



\y-i 



t x - l {l-t) y - L dt, x,y>0, 



(2) The incomplete Beta function: 



yy-i 



P (a, x,y)= / i (1 - t) u dt, < a < 1, x, y > 0, 
o 

(3) The hypergeometric function: 

l 
2 F 1 (a,b;c;z)= * /V" 1 (1 - t) c ~ h ~ 1 (1 - zt)~ a dt, c> b > 0, |z| < 1 (see pQ). 



In Theorem SI if we take /i(t) =f,s£(0,l], we have the following inequality 

b 
f(x)dx 



(1 _ A)/( £+^ +A /7(«) + /(» 



< ^[^(A)]- 



2 



1 



(6 -a) 



i/ 2 (A ; ,s) + |/"(a)| 9 iJ 3 (A, S ) 



(1.3) 
where 



/" 



H 2 (A,s) 



H 2 (\,s) + \f"(b)\ q H 3 (\,s) 



2(2A) S 



^ + -^, 0<A<i 



2A 1_ 

s+2 s+3 ' 



< A < 1 



and 



H 3 (\,s) 



2A/3 (2, 8 + 1) - /3 (3, s + 1) 

+4A/3 (2A; 2, s + 1) - 2/3 (2A; 3, s + 1) 
2A/3 (2, s + 1) - /3 (3, s + 1) , 



0< A< \ 
i<A<l 



In [7], Park establihed some new inequalities of the Simpson's like and the Hermite- 
Hadamar-like type for s— convex functions as follows: 

Theorem 5. Let f : I C [0, oo) — > R be a twice differentiable function on 1° such 
that f" is integrable on [a,b], where a, b G 1° with a < b. If \f"\ q is s— convex on 
[a, b] for some fixed s £ (0, 1] and q > 1, then for r > 2 the following inequality 
holds: 



(a) 
(1.4) 



< 



where 



16 



(b-aY 
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\H b a (f)(r)\ 



2p+l 



P(l+P,l+p) + 

f"(2¥)\ 9 + \f"(a)\ q \* 
s + 1 



2 P+1 ( 2 s 

rP + H P+ lY 2Fl {- p ^ P+2; r / 

( \f"(^)\ q + \f"{b)\ q V 



H b a (f)(r) 

1_1^ //(a) + /(6) 
2 r 



HW^ 



&- 



f(x)dx. 



0>) 



< 



whe 



16 



(&-«r 




|<(/)M| 

2 F 1 (-p,l;p+2;^ ) 
(p + 1) 

r(^)r + i/"(«)r 

s + 1 



s + 1 



K(/)M 
l l 

2 + r 



/(o) + /(6) 



f(x)dx. 



In recent years, many athors have studied errors estimations for Hermitc-Hadamard's 
inequality and Simpson's on the class of s— convex mappings in the second sense 
and (a, m) — convex mappings; for refinements, counterparts, generalizations and 
new Simpson's type inequalities, see [2l l6l 171 151 fTU l fTTl \F2\ . 

The main aim of this article is to establish new generalization of Hermite Hadamard- 
type and Simpson-type inequalities for functions whose absolute values of second 
derivatives are s— convex. To begin with, the author will derive a general integral 
identity for twice differentiable mappings. By using this integral equality, the author 
establish some new inequalities of the Simpson-like and the Hermite-Hadamard-like 
type for these functions. 
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2. Main Results 

Let /:/Cl->lbea diffcrentiable function on 1° , the interior of /, throughout 
this section we will take 



If (x, A, a, a, b) 

\ (x - a) a + (b - x) c 



b — a 



f{x) + A 



(x-arf(a) + (b-x) a f(b) 



1 



a + 1 



A 



(b - x) a+1 -jx- a) a+1 
b — a 



b — a 



f'(x) - r( . a + 1) [J«-/(a) + J? + f(b)} 
b — a 



where a, b G / with a < 6, x G [a, 6] , A G [0, 1], a > and T is Euler Gamma 
function. In order to prove our main results we need the following identity. 

Lemma 1. Let /:/Cl-)R fca twice differ entiable function on 1° such that 
f" G L[a, b], where a,b £ I with a < b. Then for all x G [a, b] , A G [0, 1] and a > 
we Ziai/e: 



(2.1) If (x, A, a, a, 6) 



(x — a) 



a+2 



(a + !)(&- a) 



t ((a + 1) A - t Q ) /" (tx + (1 - 1) a) dt 



(6 -x) 



ti+2 



(a + 1) (6- a) 



t ((a + 1) A - i Q ) /" (ta + (1 - t) 6) dt. 



Proof. By integration by parts twice and changing the variable, for x ^ a, we can 
state 



* ((a + (E)2\)- t Q ) /" (tx + (1 - 1) a) dt 



t((a + i)x-n f{tx + {1 - t)a) 



a + 1 



(A - t a ) f (tx + (1 - t) a) dt 



((a + l)A-l) 



/' (x) a + 1 



x — a x — a 



(A ta) f{tx+(l-t)a) 



a ,i i „ /' (x) a + 1 

x-a (x-a) 

a; -a (x-a) 

Similarly, for x + 1 6, we get 



(1 - A) /(*) + A/(o) - 
(1 - A) f(x) + A/(o) - 



1 | /ar- l/(ta 


+ (l-t)a) 


u 





a: 




a f f 


) a l f(u)du 




a 1 [U 

(x-a) J 




r(a + 1) J« f(a) 
(x-a) aJ *- na) _ 







(2.3) t((a + l)X- t a ) f" (tx + (1 - t) b) dt 
o 



a -.x > ^ f i x ) a + 1 

((a + 1) A- l)i-±-L + 



b-x (b- x y 



(1 - A) f{x) + Xfib) ^±p-J« + f(b) 
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.Multiplying both sides of (|2.2j) and (|2.3|) by (a+i)(t>-a) and / +1 w b _ a) , respectively, 
and adding the resulting identities, we obtain the desired result. 
For x = a and x = b, the identities 



a+l l 

I f (a, A, a, a, b) = , n / 1 ((a + 1) A - t Q ) /" (to + (1 - t) 6) dt, 

o 



and 



a+l 1 

// (6, A, a, a, 6) = ^ ~ °' - [t((a + l)X- t a ) f" {tb + (1 - t) a) dt, 

(a+l) J 
o 



can be proved by performing an integration by parts twice in the integrals from the 
right side and changing the variable. □ 



Theorem 6. Let f : I C [0, oo) — > M. be twice differentiable function on 1° such 
that f" G L[a, b], where a,b € 1° with a < b. If |/"| 9 is s~convex on [a, b] for some 
fixed s € (0, 1] and q > 1, then for x € [a, b], A € [0, 1] and a > the following 
inequality for fractional integrals holds 



\If (x, A, a, a, b)\ 
(2.4J Ci" 1 («. A) I J* ""^^ (I/" W| g C 2 (a, A, S ) + I/" («)] g (? 3 (a, A, s)) ' 

"'"•''' (|/"(x)rC 2 («,A, S ) + |/"(6)rC 3 (a,A, S ))H, 



(a + l) (6 -a) 



where 



a[(a+l)A] 1 + ^ _ (a+l)A 1 „ . 1 

Ci(a,A) = ^ "+2, ^ 2 + Q+2 ' u ^i«ii 

\ 2 a+2 ' a+l — 

2a[(a+l)A]+f ±2 (a+l)A 1 Q < \ < 1 

C 2 (a,A,s) = < (s+2)(a+ 8 +2) s+2 " r a+s+2' u - A - a+l 

» (« + l)A _ 1 _J_ A < 1 ' 

s+2 a+s+2' a+l ^ — 

/3 (a + 2, s + 1) - (a + 1) A/3 (2, s + 1) 
C* 3 (a,A,s) = <j 2 (a + 1) A/3 ([(a + l) A] « ; 2, s + l) - 2/3 ([(a + 1) A] ° ;a + 2,s + l) 

(a + l)A/3(2,s + l)-/3(a + 2,s + l), ' ^<A<1 



0< A< -+r 

— — a+l 
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Proof. From LemmaH] property of the modulus and using the power-mean inequal- 
ity we have 



\I f (x,X,a,a,b)\< ( * o) [t\(a+l)X-t a \\f"(tx + (l-t)a)\dt 

(a + l)(b-a) J 
o 

(h — ) a+2 

{> l t\{a + l)X-t a \\f"{tx + {l-t)b)\dt 



(a + l)(b-a) 



I ft\(a+l)X-t a \\f"{tx + (l-t)a)\ q dt 

( a " + "irC.) (/"" a + 1)A -''"" 

C2..-.) x | A|(a + l)A-* a ||/"l/.r+ (I. /)/»»!%// 



Since |/'| 9 is s— convex on [a,b] we get 



! 1 

t\{a + l)\-t a \ |/" (tx + (1 - 1) a)T dt < ft\(a + l)X-t a \ (t s \f" {x)\ q + (1 - t) s |/" (a)| 9 ) (it 
o o 

(2.6) = \f"(x)\ q C 2 (a,X, S ) + \f"(a)\ q C 3 (a,X,s), 



l l 

t|(a + 1) A- t a \ |/" (fa; + (1 - 1) b)\ q dt < ft\{a + l)X- t a \ (t s \f" (x)\ q + (1 - t) s \f" {b)\ q ) dt 
o o 

(2.7) = \f"(x)\ g C 2 (a,X,s) + \f"(b)\ 9 C 3 (a,X,s), 
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where we use the fact that 
C 3 (a, A, s) 



t\{a + l)X-t a \{l-t) s dt 



[(a + l)AJ- [(a+l)A]- 

(a + l)A I t{l-t) s dt- f t a+1 (l-t) s dt 

o o 

1 i 

-(a + l)A / t{l-tfdt+ J t a+l {l-t) s dt 



0< A< -4t 



[(a+l)A]1 

1 



[(a+l)A]t 



(a + 1) A / t (1 - t) s dt - / t a+1 (1 - i) s di, 
o o 

P (a + 2, s + 1) - (a + 1) A/3 (2, s + 1) 
: (a + 1) A£ ([(a + 1) A] » ; 2, s + l) - 2/3 ([(a + 1) A]- ; a + 2, s + 1 
(a + l)A/3(2,3 + l)-/3(a + 2,s + l), 



a + l — 



0< A< ^r 

— — a+l 

^r < A< 1 

a+l — 



and 



C 2 (a, A, s) 
l 

t\(a + l)X-t a \t s dt 

n 



2a[(a+l)A]' 



(s+2)(q+s+2) 

(q + 1)A 



s+2 a+s+2 ' — — a + l 

-+r < A < 1 

Q + l — 



s+2 a+s+2 ' 



t |(a + 1) A — i Q | dt 



(2.8) 



a[(a+l)A] 1+ ^ (a+l)A 1 Q < \ < 1 

2 ' a+2' u — " — a+l 



a+2 



(a+l)A 1_ 

2 a+2> 



-+T < A< 1 

Q + l — 



Hence, If we use (J2T6J), (|2J| and (|278[) in (|275j) . we obtain the desired result. This 
completes the proof. □ 

Corollary 1. In Theorem^ 

(a) If we choose s = 1, i/ien we get: 

\If(x,\,a,a,b)\ 
< (£'< (a, \)\ {X ~ a) " +1 (|/" (s)l g C 2 (a, A, 1) + \f" (a)\ g C 3 (a, A, 1)) ' 



b — a 



b — a 



{\f"(x)\ q C 2 (a,\,l) + \f"(b)\ q C 3 (a,\,l))« 
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(b) If we choose q = 1, then we get: 

\I f (x,X,a,a,b)\ < \ {X ~ a)a+ (\f"(x)\C 2 (a,X,s) + \f"(a)\C 3 (a,X,s)) 

b — a 



(b-x) c 



(\f"(x)\C 2 (a,X,s) + \f"(b)\C 3 (a,X,s)) 



(c) If we choose x = ^2 ) then we get: 



(b-a)' 



—If 



a + b \ u 
, A, a, a, o 

2 ' ' ' ' 



, | - \ ) /' ( £±*^ + A ^ /(a) + f{b) ^ r {a + 1} 2 °" ! 



(b-af 



J ( V)- /(a)+J (" 



+M + 



fib) 



< 



{b-a)' i-i 



;(a + i) 



C 1 ! '(", A) 



„ f a + b 



C 2 (a,X,s) + \f"(a)\ q C 3 (a,X,s) 



(fi- 



,Ja + b 



C 2 (a,X,s) + \f"(b)\' i C 3 (a,X,s) 



(d) If we choose x = ^4^- and X = i, £/ien we gei: 



(6 -a) 
1 



— J / 



a + 6 1 
2 '3 



,a,a,b 



6 



/(«) + 4/(^ ]+/(&) 



T(a + 1)2 Q 



J ( V)- /(a)+J (V) +/(6) 






a + 6 



9 / 1 \ /I 



C 2 [a,-,s )+\f"{a)\"C 3 [a,-,s 



r 



a + b 



1 



C 2 (a,-, S j+|/»rC 3 (a,|, s 



1 



(e) If we choose x = ^-5—, A = 3, and a = 1, then we get: 
'a + b 1 



I .f — 7T~ . >!>«,& 



< 



2 ' 3 



/(«) + 4/(^]+/(6) 



a + 6 



1 



(6 -a) 



f(x)dx 



(b-a) 2 /81\« 



162 V 8 



1 



'c 2 ri,^)+i/"(o)i , c 3 [i,|..s 



a + 6 



r, fl,-, s j+|/"(6)| 9 C 3 [l,-, S 
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(f) If we choose x — ^^ and A = 0, then we get: 



2"- 1 fa + b 

S^i 1 ! —z-,0,a,a,b 



(b-a) 



a + b\ r(a + l)2 c 



(b-a) a 



J (V)- /(a) + J (V) + /(fe) 



< 



(b-af ( 1 y 



■ (a + 1) \a + 2 



II (a+b\\1 



a + s + 2 



+ \f"(a)\ q l3(a + 2,8 + l) 



f- 



I fii I a+b \ \1 

l \} VJ +\f"(b)\ q P(a + 2, S + l) 

a + s + 2 



(g) If we choose x — ^t^, A = 0, and a = 1, then we get: 



. a + b 
If [ —^—,0,1, a, b 

a + b 



(b-a) 



< 



(b-af /1 N 1_ " 



+ 



16 \3, 

s + 3 



f(x)dx 



II ( a+b\ \1 



irog) 

s + 3 



+ |/"(a)|*/3(3,s + l) 



|/»| y /3(3,s + l) 



(Ti^) 7f we choose x = ^4^- and A = 1, £/ie?i we get: 



")Q — 1 



-'/ 



a + 6 



1, a, a, 6 



f(a) + f(b) T(a + l)2 a - 1 



< 



2 (b-af 

(b-af fa(a + 3)\ 1 ^^ 



J ( V)- /(a)+J (V) +/(6) 



;(a + l) \2(a + 2) 

-g( a + S + 3)\f"(^)\ q 

(s + 2)(a + s + 2) 



+ |/" (a)| 9 ((a + 1) (2, s + 1) - (a + 2, s + 1)) 



■(a + s + 3) If"f2+b)| 9 

\" VI W +ir(b)| g ((a + l)/3(2, g + l)-/3(a + 2, g + l)) 

(s + 2) (a + s + 2) 
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(i) If we choose x — +^, A = 1 and a = 1, then we get: 



!f ( —^—,1)1)0.6 



/(«) + /(&) 



1 



< 



(b -a) 2 (2 



(b-a) 

i-i 



f(x)dx 



16 V3, 

(B+ 4)|r(^)|« 

(s + 2)(s + 3) 
(, s + 4 )|/"(^)| 9 



+ |/" (a) | 9 (2/3 (2, s + 1) -£(3, s + 1)) 



(s + 2) (s + 3) 



+ |/»|«(2/}(2,s + l)-/?(3,s + l)) 



Remark 1. In (c,) o/ Corollary [3 «/ we choose a = 1, i/ien £/ie inequality \2. 9\) 
reduces to the inequality il.S\) . 

Remark 2. In (ej o/ Corollary^ if we choose s — 1, we have the following Simpson 
type inequality 



/(«> + J/(^)+/(M 



1 



< 



(!)-of/'8\ 1 « JY_59 
972 



16 V81 

59 
972 



(6-o) 

a + 6 



f(x)dx 



q 27 

972 u v n 



a + b 



27 
972 



I/" (6)1' 



which is better than the inequality il.ty) . 

Theorem 7. Let f : I C [0, oo) — >• M 6e iwice differ entiable function on 1° such 
that f" € L[a, 6], where a, 6 G 7° im£/i a < b. If \f"\ q is s— convex on [a, 6] for some 
fixed s € (0, 1] and q > 1, then for x e [a,b], A E [0, 1] and a > £/ie following 
inequality for fractional integrals holds 



(2.10) |1) (i, A, a, a, b)\ 

< cf(a,X, P ) 



{x-a) a+z f\f"(x)\ q + \f"(a)\ q Y 



(a + !)(&- a) 



s + 1 



\a+2 



(6-.t)^ n/'w + i/'wv 



(a + 1) (6 -a) 



s + 1 



12 
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where p = — ^j anc 



C 4 (a,X,p) 



[(«+l)A]- 



p(a+l) + l' 

l+(c + l)p 



ri -SaT «* (1 - ^, 1;P + 2; 1 - (a + 1) A) 



*(p+i 



^(I^IJA^-I+P) 



A = 



^<A<1 



Proof. From Lemma [1] property of the modulus and using the Holder inequality 

we have 



(x — a) 



a+2 



\I f (x, A, a, a, 6)| < {( ^ +1) ^ a) J t \(a + 1) A - t a \ \f" (to + (1 - t) o)| 



dt 



(b - x) 



a+2 



(a + !)(&- a) 



\a+2 



1 1 (a + 1) A - t a \ |/" (to + (1 - t) 6)| eft 



? / i 



" (l+l)(b-a) \J tP \^ + l)X-t a \ p dt\ x [ / /"(/-,- + (1 -/ ) „)f ,// 
(2 - %%t> -I) ( / ^ I (« + 1) A - t" | p dt ) x (||/"(te + (l-t)6)| 9 df 



Since \f'\ q is s— convex on [a, 6] we get 



(2.12) 



l l 

\f"(tx + (l-t)a)\ q dt < J(t s \f"(x)\ q + (l-t) s \f"(a)\ q )dt 
o o 

\f"(x)\ q + \f"(a)\ q 

8 + 1 



(2.13) 



i i 

\f"(tx + (i-t)b)\ q dt < J(t s \f"(x)\ q + (i~ty\f"(b)\ q )dt 



\f"(x)\ q + \f"(b)\ q 
s + 1 
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and 



i 
[m§§a+l)\-t a \ p dt 



t (a+l)p dt 



A = 



[(«+!) A] < 



I V [(a + 1) A - t a ] p dt + J tP[t a -(a + l)\] p dt, 0<A<^- 



l(a+l)X]- 



t p [(a + 1) A - t a ] p dt 



-rr < A < 1 



f(a+l)Al- 



p(a+l) + l' 

l+(a + l)p 



1H :g ^(l-^l;P + 2;l-(a T l)A) 



»( P +i) 

[(" + 1)A] J 



^(I^IJA^.I+P) 



A = 

, 0< A< ^r 



^TT<A<1 



Hence, If we use (|2.12p . (J2.13I) and (|2.14|l in (|2.1ip . we obtain the desired result. 
This completes the proof. □ 



Corollary 2. /n Theorem^ 

(a) If we choose 8 = 1, ten we get: 



\If (x, A, a, a, 6)| 
< C/(a,A,p) 



\Q + 2 



(x-a)— /|/"(*)r + l/'»r 



(a + 1) (6 -a) V 2 

(6-xr +2 /irwr+irw 



(a+1) (6 -a) 



ffc) J/ we choose x = 9 ^ , then we get: 



\If (x, A, a, a, b) | 

(6-a) Q+1 



< C 4 *(a,A,p) 



(a + l)2«+ 2 



|/"(^)r + i/'»i 

s + l 



s + l 
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(c) If we choose x = ^^i A = ^ 7 then we get: 



/U0 + 4/(^ ]+/(/,) 



T(a + 1)2 Q 



J (V)- /(a)+J (V) +/(6) 



<- ^4^{( lr( ^ irwi T 

, / |r(^)r + i.rwi g V 

^dj // we choose x — ^rp, A = i, and a = l,then we get: 



f(a) + 4/ 



a + fc 



/(&) 



1 



f(x)dx 



< 



16 ° 4 ^'3' P J 

^ir(^)r+i/"wi 9 



(6 -a) 

a 

f"(^)\ 9 + \.f"(a)\ q Y q 

S + 1 } 



8 + 1 



whe 



C 4 |l,g,P 



l+2p 



1+p 



(e) If we choose x — ^p and A = 0,then we get: 
'a + b\ r(a + l)2"- 1 



(3(l+P,l+p)+(l) . 2 F 1 (-p,l;p + 2;\ 



< 



f 



(6 -or 



(b-a) a 



J 



16 Vp(" + 1 ) + 1 . 
, ( \f"(^)\ q + \f"(b)f 

(f) If we choose x — ^— and A = l,then we get: 



^yf(a) + J^ )+ f(b) 

|/"(^)r + l/"(g)l g y 

s + 1 J 



f(a) + f(b) I> + 1)2 C 



J ( V)- /(a) + J (V) +/(6) 



< 



2 (&-a)° 



16 



s + 1 



ir^r + irwr V 

s + 1 
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whe 



Ca(cx,1,p) 



(l + o)- 



-P 



1 1+p 



1 + a a 



l+p 



(g) If we choose x = ^-j^, A = 1 and a = l,then we get: 




Remark 3. In (b) of Corollary^ if we take A = h — -,r > 2, and a = 1, then 
the inequality \2.10\) reduces to the inequality \1.$ - 



[10. 

[11 

[12 
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